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Summary of the doctoral dissertation entitled

Analysis of superconducting state beyond the standard
Eliashberg scheme

The superconducting state is a phenomenon that has amazed and fascinated scien-
tists from its discovery in 1911 [I] to the present day. Theories describing the supercon-
ducting state, such as the Bardeen-Cooper-Schrieffer mean-field theory (BCS) [2, 3] and
its generalization, the standard Migdal-Eliashberg theory [4], were a great achievement
in solid-state physics. These models made it possible to describe the properties of many
superconductors. This fact is due to the fact that a very large group of materials has
a relatively simple structure, which leads to a comparatively simple description of their
electronic, phonon and electron-phonon properties. Therefore, in order to show how many
different physical systems can be described by the standard (isotropic) Migdal-Eliashberg
theory, in my doctoral dissertation I presented an analysis of the superconducting state in
three materials: BaGes [5, 6], HfH, [7, 8] i CrsRhN {9, 10, 11]. These superconductors differ
in many aspects, such as the electron and phonon crystal structure, the electron-phonon
coupling constant (A) and the value of the critical temperature (7¢). In my doctoral dis-
sertation, I showed that these systems can be described very accurately using the isotropic
Migdal-Eliashberg theory, i.e. one in which the self-reconciliation of solutions to Eliashberg
equations occurs only in relation to electron and phonon energy.

However, not all superconductors fit into the isotropic description framework. There
are materials for which the theoretically determined properties of the superconducting
state do not agree with the experimental results. This may be caused by too far-reaching
approximations used in the standard Eliashberg formalism, such as: assuming a constant
electron density of states [12, 13|, omitting the dependence of the Elishberg equations on
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the electronic wave vector (k) [14, 15], taking into account the Coulomb pseudopotential
(*) [16, 17] - parameter, which for low values is interpreted as the effective Coulomb
interaction between electrons. It is also worth mentioning the approximation of the infi-
nitely wide electron band and the assumption of a half-filled electron band [17]. It is also
of considerable importance to take into account the theorem of Migdal [18], which assu-
mes that the vertex corrections to the electron-phonon interaction are negligible. Many of
these approximations can significantly affect the properties of the superconducting state
of unconventional superconductors.

There are many approximations in the standard Migdal-Eliashberg theory, and omit-
ting them all is an extremely difficult and complicated task. Therefore, in my dissertation,
I presented the first steps to go beyond the standard Eliashberg scheme, namely I presen-
ted a self-consistent analysis of the properties of the superconducting state, taking into
account the electron and phonon wave vector in the calculations and the non-adiabatic
effects resulting from the vertex corrections of the electron-phonon interaction.

In the first step, I derived the Eliashberg equations dependent only on the electron
momentum, investigating the anisotropic properties of the superconducting state [19]. In
this case, I analyzed the superconducting state for a different number of electron band fills
{(n) € (0,2;1). Then I presented the analysis of the superconducting state taking into acco-
unt the independent variables in Eliashberg’s theory: the electron and phonon wave vector
and the Matsubara frequency [20]. In this case, due to the higher complexity of the system
of equations, I assumed a half-filled electron band. The difficulty in studying both types
of the discussed equations is to take into account all the anisotropic properties of the te-
sted materials. Therefore, I analyze a relatively simple physical system: a two-dimensional
square lattice. This allowed for a very detailed study of the anisotropic properties of the
superconducting state. The most important and unprecedented result of this analysis in
the literature is the information about the existence of an unbalanced superconducting
state when the dependence of the equations on the wave vector is taken into account. An
unbalanced superconducting state is a state for which the value of the coupling constant in
the diagonal self-energy channel is different from the value of the coupling constant in the
Cooper channel (non-diagonal self-energy channel). In my doctoral dissertation, I showed
that the wave vector-dependent solutions of Eliashberg’s equations are characterized by
significant heterogeneity in the momentum space. This fact is very often overlooked in
the discussion of the superconducting state induced by the linear electron-phonon interac-
tion. However, it may be particularly important in a situation when the vertex corrections
to the electron-phonon interaction are large, because their significance is determined by
the momentum dependence of the functions Ay, Z and Xy, which are solutions to the
Eliashberg equations [21, 22, 23, 24].

In the next stage, I took into account the commonly used theorem of Migdal [18],
justifying the omission of contributions from the vertex corrections of the electron-phonon
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interaction in the Eliashberg equations. This theorem states that if the characteristic
energy of phonons in the examined physical system is much lower than the characteristic
energy of electrons, then the non-adiabatic effects are insignificant. However, studies of
the superconducting state show that there are systems such as fullerene systems [25, 26},
the high-T¢ cuprates [27, 28, 29], the heavy fermion compounds [30], the superconductors
under high magnetic fields [31] and low-dimensional materials [32, 33, 34, 35, 36, 37],
which do not meet the above condition, due to the relatively low energy of electrons in
relation to the energy of phonons, or a high value the electron-phonon coupling constant.
An example of a low-dimensional material in which a non-adiabatic superconducting state
is induced is the Li-hBN bilayer - a system composed of two hexagonal planes consisting
of boron and nitrogen atoms intercalated by lithium atoms [38]. Analysis of electron and
phonon structures showed that this material has Fermi energy and Debye frequency of
erp = 417.58 meV and wp = 165.56 meV, respectively [39, 40]. The coupling between
electrons and phonons reaches the value of A = 1.17 {41]. Consequently, this leads to a
high value of the Migdal dimensionless ratio: Awp/ep ~ 0.46. This result made me decide
to investigate the non-adiabatic superconducting state of Li-hBN using the generalized
isotropic Eliashberg equations available in the literature, taking into account the vertex
corrections to the electron-phonon interaction in the lowest order [42]. I compared the
obtained results with the the standard Eliashberg’s formalism, showing that the properties
of the superconducting state in this type of materials should be determined with the use
of formalism explicitly taking into account the vertex corrections, due to the risk of a
significant overestimation of the critical temperature [43]. Besides, I proved on the example
of the discussed compound that taking into account the successive, higher orders of vertex
corrections for the electron-phonon interaction is redundant due to insignificant changes
in the critical temperature.

The results obtained during the analysis of the non-adiabatic superconducting state
prompted me to go beyond the standard Eliashberg scheme, namely to determine the full
Eliashberg equations depending on momentum and energy and taking into account the
vertex corrections of the electron-phonon interaction in the lowest order. To derive the
aforementioned system of equations, I used the formalism of the thermodynamic Green
functions, in this case developing the Green matrix function with respect to the equations
of motion of the Matsubara type in the second order. These calculations led to a coherent,
self-consistent model of a non-adiabatic superconducting state, not present in the literature
so far. The analysis of the presented equations shows that omitting Migdal theorem not
only causes the existence of additional terms in Eliashberg equations, corresponding to
taking into account the next order of vertex corrections, but also modifies the standard
terms of the equations under consideration. This result was not included in the isotropic
Eliashberg equations {4], which makes this result original and unconventional.
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